Abstract
Introduction
Vibration of thin/thick-walled cylinders is of great significance in many engineering applications such as pressure vessel, heat exchangers, nuclear reactor containments, various pipes and tubes. Pioneering studies concerning the vibration of cylinders date back late of 1800s. One of the earliest works on the vibration of cylinders was carried out by Chree [1] . Using the linear three dimensional elasticity theory, Greenspon [2] studied the flexural vibrations of infinitely long traction free hollow thick-walled cylinders. Gazis [3] studied the vibration of infinitely long traction free hollow cylinders on the basis of three dimensional elasticity theory. Gladwell and Tahbildar [4] solved the problem of axisymmetric vibrations of cylinders with the help of the finite-element method. Gladwell and Vijay [5] also analyzed the vibration of free finite length circular cylinders based on the finite element approach. Hutchinson [6] first handled the vibrations of finite length rods and solid cylinders on the basis of linear 3D elasticity and offered a semi-analytical highly accurate method to solve the problem. Then, Hutchinson and El-Azhari [7] applied the same method for the vibrations of free hollow finite length circular cylinders. By employing the energy method based on the 3D theory of elasticity, Singal and Williams [8] studied theoretically and experimentally the vibrations of thick hollow cylinders and rings. The axisymmetric stress-free vibration of a thick elastic cylinder has been studied under plane strain conditions by Gosh [9] . Gosh [9] obtained the solution for forced vibration by using the Laplace transform and presented natural frequency and dynamic stresses for various types of loading, Poisson's ratio and aspect ratios of the cylinder. Leissa and So [10] , and So and Leissa [11] studied threedimensional analysis of the vibrations of free and cantilevered solid cylinders using simple algebraic polynomials in the Ritz method. Liew et al. [12] investigated the free vibrations of stress free hollow cylinders of arbitrary cross-section based on the three dimensional energy displacement expressions. Hung et al. [13] considered the free vibration of cantilevered cylinders. Wang and Williams [14] presented vibrational modes of thick-walled cylinders of finite length based on the finite element method. On the basis of linear 3D theory of elasticity, and by using the Ritz method and Chebyshev polynomials, Zhou et al. [15] worked on the vibration analysis of solid and hollow circular cylinders including rods and curved panels. In this general semi-analytical series solution having high accuracy and good convergence, offered by Zhou et al. [15] , the technique of variables separation is developed for various boundary conditions. Mofakhami et al. [16] studied the free vibration of cylinders with finite length under fixed-fixed and free-free boundaries based on the solutions of infinite cylinders and the technique of separation of variables. Abbas [17] treated with the free vibration of a poroelastic hollow cylinder. Yahya and Abd-Alla [18] considered pure radial vibrations in an isotropic elastic hollow cylinder with rotation.
As time progresses and engineers familiarize themselves with new advanced materials such as anisotropic, functionally graded, carbon nanotube composites, studies have focused on the vibration problems of cylinders made of such advanced materials. From those Nelson et al. [19] worked on vibration and waves in laminated orthotropic circular cylinders. Vibration of anisotropic composite cylinders is addresses by Huang and Dong [20] . Yuan and Hsih [21] investigated three dimensional wave propagation in composite cylindrical shells. By using the Ritz method, Kharouf and Heyliger [22] presented a numerical method for finding approximate solutions to static and axisymmetric vibration problems for piezoelectric cylinders, including those composed of more than one material. Markus and Mead [23] [24] studied both axisymmetric and asymmetric wave motion in orthotropic cylinders. Ding et al. [25] [26] studied elasto-dynamic and thermoelastic-dynamic problems of a nonhomogeneous orthotropic hollow cylinders.
As to the functionally graded materials (FGM), Heyliger and Jilani [27] studied the free vibrations of inhomogeneous elastic cylinders and spheres. By using strains-displacement relations from Love's shell theory and the eigenvalue governing equation from Rayleigh-Ritz method, Loy et al. [28] presented a study on the vibration of cylindrical shells made of a functionally graded material (FGM) composed of stainless steel and nickel. The properties are graded in the thickness direction according to a volume fraction power-law distribution in Loy et al's [28] study. Their results showed that the frequency characteristics are similar to that observed for homogeneous isotropic cylindrical shells and the frequencies are affected by the constituent volume fractions and the configurations of the constituent materials. Han et al. [29] presented an analytical-numerical method for analyzing characteristics of waves in a cylinder composed of functionally graded material (FGM) by dividing the FGM cylinder into a number of annular elements with three-nodal-lines in the wall thickness. Han et al. [29] assumed a linear variation of material properties along the thickness direction and used the Hamilton principle to develop the dispersion equations for the cylinder. Their numerical results demonstrated that the ratio of radius to thickness has a stronger influence on the frequency spectra in the circumferential wave than on that in the axial wave. Patel et al. [30] studied the free vibration analysis of functionally graded elliptical cylindrical shells based on the higher-order theory. Pelletier and Vel [31] studied analytically the steady-state thermoelastic response of functionally graded orthotropic cylindrical shells. Arciniega and Reddy [32] considered a large deformation analysis of functionally graded shells. Yang and Shen [33] investigated the free vibration of shear deformable functionally graded cylindrical panels. Jianqiao et al. [34] dealt with wave propagation in nonhomogeneous magneto-electro-elastic hollow cylinders. Abd-Alla et al. [35] studied influences of the inhomogeneity on the composite infinite cylinder of isotropic material. Based on the first-order shear deformation theory and linear elasticity, Tornabene et al. [36] studied the dynamic behavior of functionally graded moderately thick conical, cylindrical shells and annular plates via the generalized differential quadrature (GDQ) method. They considered two different power-law distributions for the ceramic volume fraction. Keleş and Tutuncu [37] analytically performed free and forced vibration analyses of power-law graded hollow cylinders and spheres. Although their subject matters are out of the present study, it may be useful to cite some studies concerning the vibration of cylinders and cylindrical shells which are functionally graded with state-of-the-art technological structural materials [38] [39] [40] in the open literature.
As seen from the above literature survey, vibration problems of solid/hollow cylinders made of functionally graded materials are not studied widely over the time. This was the motivation to the author. As a fundamental work, the present study may be thought of as an extension of Gosh's [9] study to traction free cylinders made of isotropic functionally graded materials. In the present study, to achieve an analytical solution for natural frequencies in purely radial modes, the inhomogeneity indexes of both elasticity modulus and Poisson's ratio are assumed to be identical by necessity. As stated in the related section, otherwise, it is not possible to get a closed form solution. In these cases, the employment of any numerical procedure becomes compulsory. One of the aims of the present study is to have a rough idea about the general response of such cylinders to the free vibration before numerically treatment of the problem. In the parametric study, almost all the variables which substantially influence on the natural frequencies are considered except the effect of Poisson's ratio. In Gosh's study [9] the effect of Poisson's ratios on the natural frequencies was clearly disclosed. The numerical results given here may also be served as a benchmark solution to some advanced numerical studies.  signify the radial stress and the hoop stress, respectively, then Hooke's law for an infinite cylinder made of an isotropic and homogeneous linear elastic material is given by
Clarification of the Problem
Where under plain strain assumptions
For an isotropic but non-homogeneous FGM material, the material grading rule in the radial direction is assumed to obey the following simple power rule
where  is the material density. The material inhomogeneity index is denoted by ;
and are the reference values of the mixture of the material at the outer surface. Poisson's ratios of both graded materials are assumed to be unaffected along the radial direction as in the most of the related realm.
In Eq. (4) those properties do not completely correspond to a physical material since both Young's modulus and density are assumed to have the same inhomogeneity index. To get an analytical solution to the problem, as seen later, taking both inhomogeneity indexes as if they are identical is going to be inevitable because it is not possible to find a closed-form solution in other choices which require exactly numerical solution techniques.
If the body forces are neglected, the equation of motion in the radial direction is written as follows , Eq. (6) gives way to Bessel's differential equations [41] [42] [43] . 8) and is the dimensionless natural frequency. The solution to this equation, Eq. (7), is going to be in the form of [41] [42] [43] 
where 1 and 2 are arbitrary constants and Eqs. (9) and (11) are used when applying the boundary conditions given at both surfaces. The radial displacement vanishes, * = 0, at the fixed surface while the radial stress becomes zero, * = 0, at the free surface. For instance, if surface-free boundaries are considered then one may obtain 
To get non-trivial solutions, natural frequencies are determined from the frequencies which make the determinant of the characteristic coefficient matrix, , zero. Considering traction-free boundary conditions for a hollow infinite cylinder made of a hypothetically functionally power-graded material, elements of the coefficient matrices are found in closed forms as follows 
Authentication of the Formulation
To confirm the present dimensionless frequencies, as a first example, a hollow infinite thin-walled cylinder made of an isotropic and homogeneous material is considered. The first ten natural frequencies are listed in Table 1 . As seen from this table there is full agreement with those of Gosh's [9] frequencies.
As a second example a hollow infinite cylinder made of a hypothetically power-law graded material is taken into account. Results, which are all based on the similar procedure, are tabulated in Table 2 in a comparative manner. In this table, = 0 corresponds a cylinder made of an isotropic and homogeneous material. It is seen from Table 2 that present results are in good harmony with the others. Figure 2 shows also the determinant-dimensionless frequency curve for = −5, and b/a=2. 
Effects of the Aspect Ratios and Material Gradients on the Natural Frequencies
In this section a FGM cylinder of = 0.3 is considered. The functionally graded material (FGM) is taken to be a hypothetical one exhibiting significant inhomogeneity.
Variation of the natural frequencies with the aspect ratio, which is defined as the ratio of the outer and inner radii, and inhomogeneity indexes is presented in Tables 3 and 4. Table 3 indicates the influence of the aspect ratios and inhomogeneity indexes, which is defined in Eq. (4), on the first ten natural frequencies of a FGM free-free infinite cylinder for = −5, = 0, = 7, and = 10. Table 4 shows the influence of the aspect ratios and inhomogeneity indexes on the first three natural frequencies of a FGM free-free infinite cylinder for some inhomogeneity indexes whose values are changed from = −4 to = 5 with an increase by the unit, except = 0. Both Table 3 and Table 4 suggest that as the thickness increases, the dimensionless natural frequencies decrease. This response is slightly observed for fundamental frequencies. However, there is sharply decrease in frequencies of higher modes as the thickness build up. For the dimensionless frequencies, the degree of to be influenced from the change of inhomogeneity indexes is rather slow. This is demonstrated in Figs. 3 and 4. Figure 3 shows the variation of the first three natural frequencies with the inhomogeneity indexes for 1.1 ≤ / ≤ 2 and −5 ≤ ≤ 10.
Variation of the second and the third natural frequencies with the inhomogeneity indexes for 1.5 ≤ / ≤ 2 and −5 ≤ ≤ 10 is illustrated in Fig. 4 . As seen from Fig. 3 , the fundamental frequencies are more affected from the change in the inhomogeneity index. In the interval of the aspect ratio, 1.1 ≤ / ≤ 1.5, it is almost impossible to observe the variation of natural frequencies in higher modes with the change in the inhomogeneity index. However, as in Fig. 4 , this may be clearly observed for 1.5 ≤ / ≤ 2 for the second and third frequencies.
In this study, it is also revealed that, there is a linear relationship between the pure radial fundamental frequency and others in higher modes of the same cylinder for all inhomogeneity indexes and aspect ratios as seen from Fig. 5 .
Concluding Remarks
In the present study, the free vibration of hypothetically power-law graded hollow infinite stress-free cylinders is analytically studied to investigate the influences of inhomogeneity indexes and aspect ratios, whose figures are chosen in the broadest possible range of values that can be used in practice, on the natural frequencies. The following conclusions are drawn:
 The fundamental frequency is mainly affected from the variation of the inhomogeneity index than those of other higher frequencies. This may be acceptable as plausible because of huge differences between the fundamental and higher frequencies. For example, for b/a=1.02 the natural frequency in the second mode is more than 150 times the fundamental frequency, however it is around four times the first one for b/a=2 (see Tables 3-4) .  The effects on the frequencies of the changes in thickness of the cylinder are clearly observed.
Increasing thickness produce a substantial decrease in dimensionless frequencies which are particularly in frequencies in higher modes.  There is also a linear relationship between the frequencies of fundamental and higher modes of the same cylinder.
As stated before, the present results pertaining to the cylinders made of hypothetically FGM materials are obtained by using the same inhomogeneity index for both elasticity modulus and material density. It is a great possibility that there is no such a physical material that provides this feature. For this sense, it may be useful to confirm the present conclusions with physical materials. As mentioned above, this requires the putting numerical solution techniques into practice.
